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1. X=MO0O0O
(i) X: 1-dimensional sum
(i) M: fermionic form
(i) Statement
2. non-twisted, simply-laced, nonexceptional O [J [J [J
X=MOOOOO
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Kirillov Reshetikhin module

¢: affine Lie algebra, | = {0,...,n}, lg =1 \ {0},
g € ¢: lo OO0 simple Lie subalgebra.

W"s: Kirillov-Reshetikhin module (r € lg, S € Z51).

00 Drinfed0 0000000 OOOOOOO
0o Ua(g)-module.
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Kirillov-Reshetikhin crystal

O00d r,sO0000OW" O crystal basis B**0 0 0.
B"s: Kirillov-Reshetikhin crystal (KR crystal).
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Kirillov-Reshetikhin crystal

O00d r,sO0000OW" O crystal basis B**0 0 0.
B"s: Kirillov-Reshetikhin crystal (KR crystal).

oboobooobooboa.

(i) Yg, Yr, s= 1[Kashiwara, 2002],
(i) g: nonexceptional type, ¥r, ¥s, [Okado, Schilling, 2008],
@ Oooooooooa.
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local energy function

B, = B, B, = B"™»%: KR crystals.

°B1®82DDD,

o¥R: B; ® B, — B, ® B;: combinatorial R-matrix.
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def
H: B;® B, = Z (local energy function) (=e>

o [ Ugy(go)-component O O O,
ob®b,€B1®By, Rbi®by)=b,®b 000

H(eg(b ® by)) =

Hbi®by) + 1 eg(by ® bo) = epby ® by,
eo(b, ® by) = &b, ® by,

1H(b1® by) =1 ey(by ® by) = by ® &by,
eo(b, ® by) = b, ® &by,

H(b; ® by) otherwise,

Oooooo@ooooooooooo).
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energy function

Ai (1 € 1):0 g0 fundamental weight,

KRcerystal OO OO0 BOOOO D: B — Z (energy
function)0 000 0O0O:
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energy function

Ai (1 € 1):0 g0 fundamental weight,

KRcerystal OO OO0 BOOOO D: B — Z (energy
function)0 000 0O0O:

(1)B=B~000:
Oo000D0O0keBOOO,

D(b) := H(b' ® b)
ogoao.
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(2)B=B;®---®B, (B, =B")000:
b®---®by,eB,1<i<j<pO0OO
b O
j

B ®B,®®B — B ®B ®--®B_;
bi®b,1®---®b bgi)®5i®"‘®5j—l

ooo,
D(b1 R---Q® bp) = Z D(bi(l)) + Z H(bi ® b§i+l))
1=i=p 1<i<j<p
ooo.
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energy function 0 B(A)O OO

B(A): highest weight A [0 integrable highest weight
Uq(9)-0 0 V(A) O crystal basis.

Ua(g)-crystal B O “perfect’d O O
“...Q B® B® B"” — B(?A) (path realization).

O00ddoooooboboDboOoOd energy functiond OO O
000 —wt(b),dyd0dnoad.
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energy function 0 B(A)O OO

B(A): highest weight A [0 integrable highest weight
Uq(9)-0 0 V(A) O crystal basis.

Ua(g)-crystal B O “perfect’d O O
“...Q B® B® B"” — B(?A) (path realization).

O00ddoooooboboDboOoOd energy functiond OO O
000 —wt(b),dyd0dnoad.

energy function

“Ug(e)-weight = Uq(g)-weight”.
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1-dimensional sum X

Po*: go U dominant integral weight 0 0 O,
Vo(u): highest weight u € Po* O O O Ug(g0)-0 O .

T= ((rla Sl)’---’(rp’ Sp)) € (IO X Z21)p!

BT := B™»% ®---® B'»>,
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1-dimensional sum X

Po*: go U dominant integral weight 0 0 O,
Vo(u): highest weight u € Po* O 0 O Ug(g0)-0 O .

T= ((rla Sl),---’(rp’ Sp)) € (IO X ZZDp!

BT := B™»% ®---® B'»>,

Definition (1-dimensional sum)
pePt000,qO0OO0OOOOO X(T,u,q)O

XM= >, q°®
beBT
e;b=0 (jelo)
wt(b)=u

OO0O0O0O1-dimensional sum O O O .



WH=WS @...W'rO OO0, B0 W' O crystal
basisO OO OO0

X(T9ﬂ’ 1) = [WT : VO(I‘)]
0oo.

. 1-dimensional sum X(T,x, @) 0 WT O Uq(g0)-0 O O
0000000 g-analog.
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fermionic form

Doo000,e#A2000.

Notation

ai(iel): ¢gd00O root,

h C g: ¢ 0 Cartan Lie subalgebra,

W: ¢ Weyl (I,
(,):p00OW-O0OOOD0O0000 (@) = 2,
@i (1 € lp): g0 O fundamental weight.
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. _ |w&y @ non-twisted,
! g: is twisted,
' . tfor'g,

m (1 — gPt]
p+m Hj:l(l q**)

m

. NLa-o)
T=((ry,s),...,(rpsy)) 000,

#iuw=#jlr; =i, =u}l
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M(T,u,q) DO 0O OO0 (fermionic form):

(u) (u)
P+ m
wewa= 3w T[T
rn={fni(u)ezzo}ielo,uzl ielo,uz1 qti
st p¥20 (iu)
Ziu Umi(u)ai =Yiu #(,uuwi—p
1 .
C(m) = 5 Z (ai,a/j) mln(utj,vti)mi(“)mﬁv)
i,j€|0
u,v>1
—Ztti Z min{u,v}mi(")#(i,u),
el uv2l
(“) Z min{u, V}#(, u) — — Z(a,, J)mln{ut,,vt}m(").
ti I
&
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X=M O[O

Conjecture (X=M [0 O, [Hatayama, Kuniba, Okado, Takagi,

Yamada, 1999])
ObupdDOOODOCOODO

X(T,p, Q) = qCM(T,ﬂ, Q).
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X=M O[O

Conjecture (X=M [0 O, [Hatayama, Kuniba, Okado, Takagi,

Yamada, 1999])
O00pdD0OOODOOCOODO

X(T,p, Q) = qCM(T,ﬂ, Q).

Theorem (Kirillov-Reshetikhin conjecture, [Chari], [Nakajima],

[Hernandez], [Di Francesco, Kedem])

[WT : VO(II)] = M(T9ﬂs 1)'
X=MOOOO?

‘WhsOOOODOOO0D0OO0OO0000 g-analog”
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DooO0OoOoOOoOoOoo.
o g = AW, YT, [Kirillov, Schilling, Shimozono, 2002],

@ ¢: nonexceptional type, T: g0 rank D O OO “O00O0O"
[Lecouvey, Okado, Shimozono, 2010], [Okado, Sakamoto,
2010],

@ Vg, T: s =1foralli[N],
o OO OOOOOO,
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DooO0OoOoOOoOoOoo.
o g = AW, YT, [Kirillov, Schilling, Shimozono, 2002],

@ ¢: nonexceptional type, T: g0 rank D O OO “O00O0O"
[Lecouvey, Okado, Shimozono, 2010], [Okado, Sakamoto,
2010],

@ Vg, T: s =1foralli[N],

e IOODODOODONO,

@ ¢: non-twisted, simply-laced, nonexceptional (D(nl)), YT,
oooon

0 O, non-twisted, simply-laced, nonexceptional D O 000 00O O
oooooooo.
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goooo

b: g 0 Borel Lie subalgebra.
V(AH®---® V(AP) : Ugy(g)-module
V)

AS4(T) : Uqy(b)-submodule
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goooo

b: g 0 Borel Lie subalgebra.
V(AH®---® V(AP) : Ugy(g)-module
V)

AS4(T) : Uqy(b)-submodule
= So(T) € BAY®---® B(AP)

= 3 X(T,u, q)chVo(u)

pePo*
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goooo

b: g 0 Borel Lie subalgebra.
V(AH®---® V(AP) : Ugy(g)-module
V)

AS4(T) : Uqy(b)-submodule

= So(T) € B(AHY®--- ® B(AP)
= 3 X(T,u, q)chVo(u)

pePo*

g—1 ch
= S|(T) : U(b)-module = Z M(T, u, g)ch Vo(u)

pePot
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Demazure module

¢: general affine Lie algebra,
AePt,weWOOOdmV(A)um =1,
OfveVA)wDOODO,

V(A) 2 Vu(A) := Uy(b)v:  Demazure module.
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W"S [0 Demazure module

Wo: go 0 WeylO Wo O OGO QO.
Theorem ([Chari], et al.)

Orelo000000 ¢ €{1,2,3y0000,c¢ |sO000
Ug(g0)-0 0000

WEe =V, (sA;, /¢)

000, ¢0 non-twisted simply-laced, [0 0 O twisted
= 0000r000 ¢ =1
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B"* [0 Demazure crystal

q—0
V(A) = B(A)
V) V)

—0
Vw(A) q=> Bw(A) : Demazure crystal
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B"* [0 Demazure crystal

q—0
V(A) = B(A)
V) V)

—0
Vuw(A) q=> Bw(A) : Demazure crystal

ur € B(A): highest weight element.

Theorem ([Fourier, Schilling, Shimozono, 2007])

g [0 nonexceptional 0 ¢, | sOO O OO,
Usao/c, ® B"® = By, (SA;, /¢r)

000, energy functionO0 O OO 00O —(wt(b),dy 000
oooooooon.

00, T=(r,s) - (rpsy))0 ¢, |s(Y))OOOOO.



S(T)ooo

gbooboood,

W™ s Vy, (A /).

oooo Demazure module, Demazure crystal 0 X=M 00O



S(T)ooo

gbooboood,

W™ s Vy, (A /).

WT = W3 ®...®er,sp — Sq(T)
ooodod.
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S(T)ooo

gbooboood,

W™ s Vy, (A /).

W =W ... @ W™ «— Sy(T)
oooooo.
oooo

“Sy(T) = Vi, (SIA /c:).”

gobobooogbboobuog,gobobooogaobon.

irl/Crl) @ ® Ver(SpAirp
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b := b @ Cf; (i € 1): parabolic Lie subalgebra,
V: Uy(g)-module, V 2 W: Uy(b)-submodule O O O,

V 2 FW 1= Uqy(b)W.
Ua := C(qua € V(A): 10 O Ugy(b)-submodule,
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b := b @ Cf; (i € 1): parabolic Lie subalgebra,
V: Uy(g)-module, V 2 W: Uy(b)-submodule O O O,

V 2 FW 1= Uqy(b)W.
Ua := C(qua € V(A): 10 O Ugy(b)-submodule,

¢ |sboor,sodn,
7. diagram automorphism such that 77U, = Uy, ,
w=s -5, 0000000000,

?'ik "'?'ilT:USAO/Cr = VWF(SAir/CI')’
FTo= ﬁk...ﬁlr‘:ﬂ god.
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Proposition
T=((r,s1),-+" 9(rp,Sp)), g € GpD oo, d
oT = ((To@» Sr)s*** > (Fo(p)y Sr(p)) 00O 0,
X(T,p,0) = X(oT,pm,0),  M(T, 1, Q) = M(0T, 1, 1))

ooo.

TOOO
s =si/cy
00O0,00TO

S|z 228,

gboboobooo.
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TOODO

Sq(T) 1= F (Ui -s)m0 ® (Vg -9)40®
@ F P Uy —s)a0 @ FPUsa) <+ +))
S V((s; = S)Aw0) ® - ® V(SpAr (),

|:||:J|:|,Tj=TI_)10“°°Tj_1.

oooo Demazure module, Demazure crystal 0 X=M 00O



S(T) O 1-dimensional sum 00O

So(T) € V(s = S,)Ap(0)) ® - -+ @ V(SpAre(0)
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S(T) O 1-dimensional sum 00O

So(T) € V(s = S,)Ap(0)) ® - -+ @ V(SpAre(0)

g—0
==

So(T) € B((S, = )Ar(0) ® - ® B(SpAro(0)).
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Theorem

g 0 nonexceptional 0 00 O,
Ug A, ® BT & So(T)

O000,energyfunction0 000000 —wt(b),dy0 00000
gooooao.
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Theorem
g 0 nonexceptional 0 00 O,

Uspo ® BT = Sy(T)

O000,energyfunction0 000000 —wt(b),dy0 00000
gooooao.

Corollary

¢ [0 nonexceptional [0 [0 [0,

chSy(T)(= chSy(T) = ) q°®*Ce(wi(b))

beBT

D d°X(T, p, A)ch Vo(u).

Ae P0+

000 q=e-6)0000.

oooo Demazure module, Demazure crystal 0 X=M 00O



Si(T) O fermionic form 0O 00O

D" := lim g1 Vi, (SAi, /Cr): (classical) Demazure module
<= U(b)-module.

Theorem (Di Francesco, Kedem, 2008)

ch (D% % D% 4 ...« D) = 3 M(T, 1, c)ch Vo(u).
nePo*

* ~ ®: fusion product defined by Feigin, Loktev.
(V, W: cyclic U(b)-modules = V = W: cyclic U(b)-module).
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Sy(T) := lim go1 Sq(T).

¢ 0 non-twisted, simply-laced 0 0 O,

D' % D22 % ... x D'»% = S(T).
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Sy(T) := lim go1 Sq(T).

Theorem

¢ [1 non-twisted, simply-laced 0 [0 [,
D' % D22 % ... x D'»% = S(T).

Corollary

¢ [0 non-twisted, simply-laced 00 00 [0,

chSy(T)(= chSq(T) = D M(T, p, G)ch Vo(w).

pePot
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Corollary

¢ [ non-twisted, simply-laced, nonexceptional (I [ [T,

M(T9ﬂ9 q) = qCX(Taﬂs q)

goooog.
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