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g: simple Lie algebra/C (rank g = n),
g=n, ®HhESn_: triangular dec.,
Lg:=g® C[t*)]: loop algebra (X ® f,Y ® g = [X,Y] ® f9g),

U,(Lg): quantum loop algebra/C(q) a-deform: U(Lg)
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V: fd. U,(Lg)-mod. E R A ) Lg-mod. (classical limit)



Precise definition of classical limits

A= {f@/9(a) € Cla) | g(1) # 0} < Cla),
Uy(Lg) 2 Ua(Ly) = (B, K Fi) aca.
Fact Ux(Lg) ®4 C — U(Lg).
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Precise definition of classical limits

A= {f@/9(a) € Cla) | g(1) # 0} < Cla),
U, Lg) 2 Ua(Lyg) = <Ei7K7;i17Fi>.A-alg.y
Fact Ux(Lg) ®4 C — U(Lg).

V: fin. dim. U,(Lg)-mod. Assume that V' is {-h.w. module with
(-h.w.vector v (i.e. Uy(Lnyp)v =0, U,(Lh)v = Cov, U, (Ln_)v =V),
and further assume that U4(Lg)v C V is an A-lattice of V/

(< mild condition on the ¢-h.w.)

Definition (Chari-Pressley, 01)

V := Us(Lg)v ®4 C: classical limit «+ Lg-mod.




Vi,..., Vo fud. Uy(Lg)-mod. (vy, € Vi: £-h.w. vector)

R -0V,

Vl(g)‘..@vp
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Vi,..., Vo fud. Uy(Lg)-mod. (vy, € Vi: £-h.w. vector)

Viw--@V,=UslLyg) (1@ @) @4 C
1 not necessarily isomorphic

Vi@V, 2 (UalLg)vy @4+ @4 Ua(Lg)v,) ®4C

Q. Can we construct V; ® - -- ® V,, from Vlw-'avp?

We solved this question affirmatively for Kirillov-Reshetikhin modules.



Notions for the statement of the main theorem

| Kirillov-Reshetikhin modules |
Wit(a) (1 <i < n,l € Zsg,a € C(q)*): Kirillov-Reshetikhin mod.
(a distinguished family of f.d. simple U,(Lg)-mod.)




Notions for the statement of the main theorem

| Kirillov-Reshetikhin modules |
Wit(a) (1 <i < n,l € Zsg,a € C(q)*): Kirillov-Reshetikhin mod.
(a distinguished family of f.d. simple U,(Lg)-mod.)

g[t] = g ® C[t] C Lg: current algebra,
@. (c € C): auto. on glt] defined by p.(X ® f(t)) = X ® f(t + ¢).

Fact Assume a € A%, and set ¢ = a(1) € C*.

Then ¢*  Wit(a) is Z-graded g[t]-mod., and independent of a.

~ write Wot = o* Wit(a): graded limit of W¥(a).



fusion product‘ [Feigin-Loktev, '99]

M, ..., M,: cyclic Z-graded g[t]-mod. (v, € M}: generator)
Take ¢4, ..., ¢, € C (pairwise distinct),

and set M := o7 My ®--- ® ¢, M,

Fact M is generated by v; ® - - - ® v, (though not Z-graded).
(Note that usual tensor product M; ® - - - ® M, is not cyclic)

Define a filtration F_1(M)=0C Fo(M)C--- C Fxy(M)=M
(N > 0) by Fp,(M) =U(g[t]) <k(v1 ® - - - ® v,), and take the
associated graded &, Fj,(M)/Fy—1(M) < Z-graded g[t|-mod.

This is called the fusion product of My,..., M, and denoted by
My % - % M,.

6



fusion product‘ [Feigin-Loktev, '99]

M, ..., M,: cyclic Z-graded g[t]-mod. (v, € M}: generator)
Take ¢4, ..., ¢, € C (pairwise distinct),

and set M := o7 My ®--- ® ¢, M,

Fact M is generated by v; ® - - - ® v, (though not Z-graded).
(Note that usual tensor product M; ® - - - ® M, is not cyclic)
Define a filtration F_1(M)=0C Fo(M)C--- C Fxy(M)=M
(N > 0) by Fp,(M) =U(g[t]) <k(v1 ® - - - ® v,), and take the
associated graded &, Fj,(M)/Fy—1(M) < Z-graded g[t|-mod.

This is called the fusion product of My,..., M, and denoted by
My % - % M,.

fusion prod. = deformed ® preserving cyclicity and Z-gradedness
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Main Theorem

Theorem (N)
Assume that a given tensor prod. W4 (a;) @ - - - @ Wt (a,) of

KR mod. has its classical limit (Fsufficient conditions for iy, £, az).
(i) If a1(1) = - - - = ap(1)(=: ¢), then we have a g[t]-mod. isom.
Wi1,€1 (al) R R Wip,fp(ap) o~ @:(Wil’el K ...k Wip,fp)_

(i) In the general case, we have a g[t|-mod. isom.

Wirhi(a) ® - @ Wirk(ap) = @ ec so$< i Wik’&)'
k;ar(1)=c

recall ¢.: auto. on g[t] defined by ¢.(X ® f(t)) = X ® f(t + ¢),
Wit: the graded limit of W¥(a), *: fusion product



