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A gas in a tube spontaneously oscillates when the temperature gradient applied along the wall of the
tube is higher than the critical value. This spontaneous gas oscillation is caused by the thermal
interaction between the gas and the tube wall. The stability limit of the thermally induced gas
oscillation is numerically investigated by using the linear stability theory and a transfer matrix
method. It is well known that an acoustic wave excited by the spontaneous gas oscillation occurring
in a looped tube is different from that in a straight tube with two ends; a traveling acoustic wave is
induced in a looped tube, whereas a standing acoustic wave is caused in a straight tube. The
conditions for the stability limits in both tube types were calculated. The calculated and measured
conditions were compared and were found to be in good agreement. Calculations performed by
varying the value of the Prandtl number of the gas were used to determine the reasons for the
existence of the stability limits of the looped and straight tubes.
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I. INTRODUCTION

When the temperature gradient imposed along the wall
of a tube exceeds a critical value, the gas in the tube begins
to oscillate, so that an acoustic wave is excited. This sponta-
neous gas oscillation is sustained by the energy conversion
from heat to acoustic power occurring through the thermal
contacts between the gas and the wall of the tube.

The spontaneous gas oscillation can be classified into
two types based on the characteristics of the thermally in-
duced acoustic wave. One type of gas oscillation occurs in a
tube with two ends, i.e., a straight tube, which excites a
standing acoustic wave. The other type of gas oscillation
occurs in a looped tube, which causes a traveling acoustic
wave.

Rott1,2 and Rott and Zouzoulas3 analytically investigated
the stability limit of gas oscillation in a straight tube by
employing a strict linearization of all basic equations, and
they derived the stability curves for the temperature ratio
against the tube radius relative to the thickness of the viscous
boundary layer. Yazaki et al. compared their experimentally
obtained stability curves with Rott’s analytical ones; this
comparison revealed a good agreement between the experi-
mentally and analytically obtained curves.4 A number of
studies have investigated the stability curves in a straight
tube.5–9 This provides a basic understanding of the spontane-
ous gas oscillation in a straight tube.

The spontaneous gas oscillation in a looped tube has
recently attracted more attention compared with that in a
tube with two ends; thus, most of the recent work in ther-
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moacoustics has dealt with spontaneous gas oscillation in a
looped tube rather than that in a straight tube.10–12 This is
because a traveling acoustic wave can realize an efficient
energy conversion.13,14 Yazaki et al. measured the conditions
for the stability limit of the spontaneous gas oscillation in a
looped tube, and they studied the stability curve of the
looped tube.15 Tanaka16 and Penelet et al.17 succeeded in
calculating the conditions for the stability limit. However, in
the case of the looped tube, very few studies have numeri-
cally investigated the conditions for the stability limit in de-
tail.

In this paper, we calculate the conditions for the stability
limit of the thermally induced gas oscillation in both looped
and straight tubes by using the linear stability theory and a
transfer matrix method. It will be shown that the obtained
calculation results qualitatively agree with the experimental
results. By using the calculation in which the Prandtl number
of a gas is varied, we address the reasons for the existence of
the stability limit in looped and straight tubes.

In Sec. II, the numerically investigated looped and
straight tubes are mentioned; in Sec. III, the method for cal-
culating the stability limit of the thermally induced sponta-
neous gas oscillation is described. Section IV provides the
calculation results of the stability curve and compares these
results with the experimental results. The calculation results
are analyzed in detail in Sec. V. The summary of the results
is provided in Sec. VI.

II. CALCULATION MODEL

A. Looped tube and straight tube

The numerically investigated tubes are schematically il-

lustrated in Fig. 1. The total length of the looped and straight
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tubes is denoted as L. Both tubes are filled with atmospheric
air and can be divided into six components: waveguide 1,
cold heat exchanger, stack, hot heat exchanger, thermal
buffer tube, and waveguide 2. The radius of the waveguides
and thermal buffer tube is denoted as rtube, and the length of
the thermal buffer tube is denoted as Ltb. The stack is com-
posed of a porous material with several narrow circular chan-
nels. The inner radius of the narrow circular channels in the
stack is denoted as rstack. The length of the stack is Lstack. The
stack is placed between cold and hot heat exchangers; these
exchangers are composed of flat plates set in parallel with a
spacing of 2rhx. The length of the plates is Lhx. The porosity
of the stack is �stack, and that of the heat exchangers is �hx. In
this study, porosity is defined as the ratio of the total cross-
sectional area of the flow channels in the stack/heat ex-
changer to the area of the tube ��rtube

2 �.
The coordinate x is defined along the axis of the tube.

This coordinate is used for both looped and straight tubes.
The origin of x is set at the center of the stack. In the case of
the straight tube, the closed ends are located at x=−3L /8 and
at x=5L /8 so that the center of the stack will be set at the
midpoint of a pressure node and a velocity node of a nonvis-
cous standing wave with a wavelength �=L. Due to this
condition, the frequency of the gas oscillation occurring in
the straight tube is the same as that occurring in the looped
tube. In the case of the looped tube, x=−3L /8 and x=5L /8
represent the same position.

B. Temperature distribution along the axes of the
tubes

The calculation method proposed below requires the
temperature distribution to be along the tube axis. The mean
temperature Tm of the gas in both tubes is assumed to be
distributed, as shown in Fig. 2. Tm is maintained at a constant
value except from x=−X1 to X1 �in the stack� and from x
=X2 to X3 �in the thermal buffer tube�, where X1=Lstack /2,
X2=X1+Lhx, and X3=X2+Ltb.
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FIG. 1. Schematic illustrations of �a� a looped tube and �b� a straight tube.
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FIG. 2. Temperature distribution �a� along the tube and �b� near the stack.
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In the stack �from x=−X1 to X1�, Tm increases linearly
from TC to TH �see Fig. 2�b��. The reason for the assumption
of linear temperature distribution in the stack is as follows:
the stacks used in the experiments performed by several re-
searchers are essentially insulated. Therefore, the tempera-
ture distribution in the absence of spontaneous gas oscilla-
tion would become linear due to thermal conduction along
the axial direction.

In the thermal buffer tube �from x=X2 to X3�, Tm de-
creases exponentially,

Tm,tb�x� = �TH − TC�exp�−
x − X2

R
� + TC. �1�

The coefficient in this equation, R, was varied in the calcu-
lation. At x=X3, Tm discontinuously changes, as can be seen
in Fig. 2�a�. This is because Tm,tb�X3�−TC= �TH

−TC�exp�−Ltb /R��0. We numerically confirmed that when
Ltb /R�4, the temperature difference Tm,tb�X3�−TC has a
negligible influence on the calculated stability limit of the
present tubes.

III. CALCULATION METHOD

This section describes the method for calculating the
stability limit of the thermally driven spontaneous gas oscil-
lation in the tubes. This calculation is based on Rott’s ther-
moacoustic theory1 and the transfer matrix method for oscil-
latory pressure P and volume velocity U. The time variation
of the pressure and volume velocity is given by the factor
exp�i�t�. Generally, � is represented as a complex quantity;
its real and imaginary parts represent the angular frequency
of the gas oscillation and the logarithmic amplification, re-
spectively. At the stability limit, the logarithmic amplifica-
tion becomes zero. Therefore, � has only a real part.

A. Transfer matrix

In this subsection, the calculation method of the transfer
matrix of the components �which are the waveguides, heat
exchangers, stack, and thermal buffer tube� is described. Us-
ing Rott’s acoustic approximation,1 the momentum and con-
tinuity equations in a flow channel are written18 as

dP

dx
= −

1

A

i��m

1 − ��

U , �2�

dU

dx
= −

i�A�1 + �	 − 1��
�
	Pm

P

+
�
 − ��

�1 − ����1 − ��
1

Tm

dTm

dx
U , �3�

respectively, where A is the cross-sectional area of the chan-
nel, and �m, Pm, 	, and � are the mean density, the mean
pressure, the ratio of specific heats, and the Prandtl number
of the working gas, respectively. Here, the assumption that
the heat capacity of the channel wall is considerably larger
than that of the working gas is used. �
 and �� are complex
functions that allow us to describe the three-dimensional
phenomena in the channel using the two one-dimensional

equations. For example, in a circular channel with radius r,
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�
 =
2J1�Y
�

Y
J0�Y
�
, �4�

�� =
2J1�Y��
Y�J0�Y��

,

�5�
Y
 = �i − 1����
, Y� = �i − 1�����,

where J1 and J0 are the first- and zeroth-order Bessel func-
tions, respectively, and �
 and �� are the thermal and viscous
relaxation times, respectively. �
 is defined as �
=r2 / �2
�
and �� as ��=r2 / �2��, where 
 and � are the thermal diffu-
sivity and kinematic viscosity, respectively. ��
 and ��� can
also be described by r and the thicknesses of the thermal
boundary layer, 

, and of the viscous boundary layer, 
�, as
��
= �r /

�2 and ���= �r /
��2, respectively. ��
 and ���

are related by �=� /
 as ��
 /�=���. Figure 3 shows �
 and
�� of the circular channel as a function of ��
 and ���,
respectively.

Equations �2� and �3� can be modified in a matrix form
as follows:

d

dx
�P�x,t�

U�x,t�
� = C�x��P�x,t�

U�x,t�
� ,

C�x� � 	 0 −
1

A

i��m

1 − ��

−
i�A�1 + �	 − 1��
�

	Pm

�
 − ��

�1 − ����1 − NPr�
1

Tm

dTm

dx

 .

�6�

Here, it should be noted that �m, 	, ��, �
, and � depend on
Tm, i.e., on x.

When the �2,2� element of C �c22� becomes zero, the
matrix C represents the well-known wave equation of a plane
sound wave propagating in a channel.19 Hence, c22, which is
the second term on the right-hand side of Eq. �3�, plays an
important role in the stability of spontaneous gas oscillation.

1. Without temperature gradient

When dTm /dx=0. Eq. �6� can be solved analytically.
This is because 	, ��, �
, and � are independent of x, and the
second term on the right-hand side of Eq. �3� vanishes. When
the pressure and volume velocity at point x0 are denoted by
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FIG. 3. Complex functions �
 and ��.
P0 and U0, respectively, the solution can be expressed as
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�P�x,t�
U�x,t�

� = MI�x,x0��P0�x0,t�
U0�x0,t�

� ,

MI�x,x0�

� 	 cos�k�x − x0��
− i��m sin�k�x − x0��

Ak�1 − ���
Ak�1 − ���sin�k�x − x0��

i��m
cos�k�x − x0�� 
 .

�7�

Here, k is the complex wave number given by

k =
�

a
�1 + �	 − 1��


1 − ��

, �8�

where a is the adiabatic sound speed. Equation �7� shows
that when P and U are specified for one point, the distribu-
tions of P and U along the tube without the temperature
gradient can be calculated.

2. With temperature gradient

When dTm /dx�0, it is difficult to solve Eq. �6� analyti-
cally. Hence, it is computationally integrated. By applying a
forward difference scheme using the fourth-order Runge–
Kutta method to Eq. �6�,

�P�x + �x,t�
U�x + �x,t�

� = �E + �xC��x���P�x,t�
U�x,t�

� ,

C��x� = 1
6 �RKA + 2RKB + 2RKC + RKD� ,

RKA = C�x� ,

RKB = C�x + �x/2��E +
�x

2
RKA� ,

RKC = C�x + �x/2��E +
�x

2
RKB� ,

RKD = C�x + �x��E + �xRKC� �9�

can be obtained, where E is a unit matrix. Hence,

�P�x,t�
U�x,t�

� = MII�x,x0��P0�x0,t�
U0�x0,t�

� ,

MII�x,x0� � �E + �xCn−1� ��E + �xCn−2� � ¯ �E + �xC1���E

+ �xC0�� �10�

is obtained. Here, n is the number of partitions between x0

and x, �x is defined as �x−x0� /n, and Cj� represents C� at
x=x0+ j�x. This equation shows that despite the temperature
gradient being imposed along the thermal buffer tube/stack,
when P and U are provided at one position, the distributions

of P and U can be calculated.
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B. Method for calculating stability limit

Since Tm is maintained at the constant value from
x=−3L /8 to −X2, �see Figs. 2�a� and 2�b��, the transfer ma-
trix MI,1 of this region was calculated by using MI. Similarly,
the transfer matrices for x=−X2 to −X1 �the cold heat ex-
changer�, for x=X1 to X2 �the hot heat exchanger�, and for
x=X3 to 5L /8 are calculated and are denoted by MI,chx,
MIhhx, and MI,2, respectively.

Equation �10� was used to compute the transfer matrices
MII,s for x=−X1 to X1 �the stack� and MII,tb for x=X2 to X3

�the thermal buffer tube�. The partition number n=100 was
used because it was confirmed that the calculated stability
limits with n=100, 200, and 400 are almost similar.

Using MI,1, MI,chx, MI,hhx, MI,2, MII,s, and MII,l, the
transfer matrix of the looped and straight tubes, Mall, is writ-
ten as

Mall = MI,2MII,lMI,hhxMII,sMI,chxMI,1. �11�

Note that in the present study, we did not take account of
nonlinear effects, such as the “minor loss,”20 occurring at the
connecting point between the components. By using Mall, the
oscillatory pressure Pa and volume velocity Ua at
x=−3L /8 are related to the oscillatory pressure Pb and vol-
ume velocity Ub at x=5L /8 as

Mall�Pa

Ua
� = �Pb

Ub
� . �12�

By using this equation, we calculated the stability limit of the
thermally induced gas oscillation.

1. For the looped tube

Since x=−3L /8 and x=5L /8 represent the same posi-
tion in the looped tube, Eq. �12� can be rewritten as

Mall�Pa

Ua
� = �Pa

Ua
� . �13�

The solution �Pa ,Ua� of Eq. �13� is nonzero if the determi-
nant of the matrix �Mall−E� is zero, i.e., if

�m11 − 1��m22 − 1� − m12m21 = 0, �14�

where E is the unit matrix and mij is the element of Mall.
Therefore, by solving Eq. �14�, we can achieve the condition
of the stability limit of the spontaneous gas oscillation in-
duced in the looped tube.

2. For the straight tube

For the straight tube, Eq. �12� can be modified as

Mall�Pa

0
� = �Pb

0
� . �15�

This is because the volume velocity at x=−3L /8 and x
=5L /8 must be zero due to the closed ends. Pa and Pb in Eq.
�15� are nonzero if m21 is zero, i.e., if

m21 = 0. �16�

Therefore, Eq. �16� determines the condition of the stability

limit in the straight tube.

854 J. Acoust. Soc. Am., Vol. 124, No. 2, August 2008
IV. CALCULATION RESULTS

A. Calculation condition

In the calculation described below, we chose rstack and
TH as the variable parameters and defined L=2.8 m, Lstack

=35 mm, Lhx=13 mm, Ltb=0.60 m, rtube=20 mm, rhx

=0.5 mm, �hx=0.67, and TC=295 K. These values are the
same as those in the experiment described later in Sec. IV B.
Although the porosity �stack of the stacks used for the experi-
ment were between 0.69 and 0.87, �stack in the calculation
was assumed to be the same as �hx, i.e., �stack=0.67. The
coefficient R in Eq. �1� was varied from 0.07 to 0.15 m. The
reason why the values of R were selected to be in this range
is as follows. We experimentally measured the temperature
distribution along the thermal buffer tube: when the gas os-
cillation did not take place, the measured R was 0.07 m; on
the other hand, when the gas oscillation occurred, R in the
case of the looped tube had values between 0.07 and 0.15 m,
whereas R for the straight tube was approximately 0.07 m.

In order to calculate the values of �, 
, �m, 	, and cp, we
used polyfunctions fitting their temperature dependences.21

The number of polynomial terms of the polyfunctions was 6.

B. Stability limit

The left-hand sides of Eqs. �14� and �16� were computed
as a function of real � with various TH and rstack; further, the
combinations of � /�0, TH /TC, and ��
,M satisfying Eqs.
�14� and �16� were determined. � /�0, TH /TC, and ��
,M are
dimensionless parameters corresponding to �, TH, and rstack,
respectively. Here, �0 is defined as �0=2�a0 /L, where a0

=340 m /s, and ��
,M is defined using thermal diffusivity at
the center of the stack x=0, where the temperature TM

= �TH+TC� /2. Although the combinations thus obtained re-
vealed that spontaneous gas oscillation occurs in several fre-
quency modes, we focus on the calculation results of a mode
at � /�0�1.

In Fig. 4, the calculated conditions of the stability limit
are denoted by lines; the calculated TH /TC and � /�0 are
shown as a function of ��
,M. First, we see the calculated
TH /TC of the straight tube. The calculated results for the
straight tube with R=0.07 m and that with R=0.15 m are
shown in Fig. 4�a� by dotted and dashed lines, respectively.
However, it is difficult to distinguish the dashed line from the
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FIG. 4. The conditions of the stability limit of ��a� and �b�� the straight tube
and ��c� and �d�� the looped tube. The temperature ratio TH /TC and fre-
quency ratio � /�0 of the stability limit are plotted as a function of ��
,M.
dotted line. This indicates that TH /TC of the straight tube is
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almost independent of the value of R. The value of TH /TC

takes a minimum value at ��
,M �3, and the TH /TC curve is
U shaped. Figure 4�b� shows that � /�0 is also independent
of the value of R and increases rapidly with a decrease in
��
,M from ��
,M �3. These results are identical to the char-
acteristics of the curves obtained by Rott and Zouzoulas3 and
Yazaki et al.4

Next, we focus on the calculation results of the looped
tube, which are shown in Figs. 4�c� and 4�d�. Figure 4�c�
shows that the value of TH /TC of the looped tube depends on
the value of R. However, it was found that independent of
the value of R, TH /TC at a given R takes a minimum value
near ��
,M =2. Moreover, it was shown that the shapes of the
three TH /TC curves of the looped tube are very similar.

The calculated ��
,M dependences of TH /TC of the
looped tube are similar to those of the straight tube for
��
,M �3. However, as can be seen from Figs. 4�a� and 4�c�,
for ��
,M �3, the ��
,M dependences of TH /TC of the
looped tube are different from those of the straight tube; as
��
,M decreases, TH /TC of the looped tube increases gradu-
ally compared with that of the straight tube. As a result,
when ��
�3, TH /TC at the stability limit of the looped tube
would be considerably lower than that of the straight tube,
regardless of the value of R. Figures 4�b� and 4�d� show that
the curves of � /�0 of the looped tube also differ from those
of the straight tube for ��
,M �3.

C. Comparison of calculation with experiment

In order to compare the calculated and experimental val-
ues of TH /TC and � /�0, we performed the measurements of
TH /TC and � /�0. We constructed the looped and straight
tubes shown in Figs. 1�a� and 1�b�. The looped tube con-
sisted of stainless-steel tubes and four 90° elbows, whereas
the straight tube consisted of stainless-steel tubes. Ceramic
honeycombs comprising square channels were used as stacks
in the experiments, whereas the stacks used in the calcula-
tions were assumed to have circular channels. Half of the
hydraulic diameter22 of the stacks was used as rstack for the
experiments. We considered that the difference in the geom-
etry of the channels in the experiments and calculations had
a negligible effect on the stability limit because the relation
between �
,� and ��
,� of a square channel is very similar to
that of a circular channel.18,23 The hot and cold heat exchang-
ers used in the experiments comprised flat brass plates set in
parallel with a spacing. The thickness of the flat brass plates
was 0.5 mm. The dimensions of the constructed tubes �the
total tube length L, the stack length Lstack, the length of the
heat exchangers, Lhx, the radius of the tubes, rtube, and the
spacing in the heat exchangers, 2rhx,� were the same as those
in the calculation.

The hot heat exchanger was heated by an electric heater
wound around it. The cold heat exchanger was cooled with
chilled water ��295 K� passing through the tube wound
around it. It was experimentally confirmed that the tempera-
ture difference across the cross section of the hot heat ex-
changer was up to 20 K, whereas the temperature difference

across the cross section of the cold heat exchanger was up to
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5 K. We defined the averaged temperatures across the cross
section of the hot and cold heat exchangers as TH and TC,
respectively.

We measured the pressure by using a pressure sensor
mounted on the tube wall near the stack with increasing TH

and determined the condition of the stability limit experi-
mentally. In Figs. 4�a� and 4�c�, the measured TH /TC at the
stability limit in the straight tube and that in the looped tube
are plotted with open circles and open squares, respectively.
When stacks with rstack=0.30 and 0.40 mm were used, spon-
taneous gas oscillation was not observed in the straight tube
for TH /TC�2.6, which is the experimental upper limit of
TH /TC. When TH /TC=2.6 and � /�0=1.05�0.05 are as-
sumed, ��
,M of the stack with rstack=0.40 mm is evaluated
to be 1.04�0.05. These results prove that the gas in the
straight tube is stable in the region ���
,M �1.04, TH /TC

�2.6�. In order to show this result, we plotted the multipli-
cation sign � at ���
,M ,TH /TC�= �1.04,2.6� in Fig. 4�a�.

As observed in Fig. 4�a�, the experimentally obtained
TH /TC of the straight tube quantitatively agrees with the cal-
culated TH /TC. Figure 4�c� shows that the measured TH /TC

of the looped tube takes the minimum value at ��
,M �2 and
gradually increases compared with that of the straight tube
below ��
,M =2. This result is the same as the calculated
results. Therefore, we consider that the measured TH /TC of
the looped tube is also in qualitative agreement with the
calculated TH /TC.

The symbol in Figs. 4�b� and 4�d� show the measured
� /�0 at the stability limits. These figures also show that for
both tube types, the measured � /�0’s agree well with the
calculated ratios. Based on the agreement of TH /TC and
� /�0, we conclude that the proposed calculation method
succeeds in modeling the stability limit of the thermally in-
duced spontaneous gas oscillation in looped and straight
tubes.

V. ANALYSIS OF THE STABILITY LIMIT

A. Temperature ratio TH /TC at the stability limit

As mentioned above, the calculated TH /TC’s of both
looped and straight tubes take minimum values, and the
TH /TC curves are U shaped. In this subsection, the reasons
for the existence of the stability limit are determined.

The ��
,M dependency of TH /TC for ��
,M �3 can be
understood from the ��
,� dependency of �
,�. As shown in
Fig. 3, Re��
,�� and Im��
,�� approach zero for ��
,��3.
This reduces the value of the second term on the right-hand
side of Eq. �3�; when �
,� is zero, the second term is also
zero. Since the second term is the origin of the driving force
for spontaneous gas oscillation, TH /TC required for the exci-
tation of the oscillation increases when ��
,M increases from
3.

Understanding the ��
,M dependency of TH /TC for
��
,M �3 is more difficult than understanding that for
��
,M �3. This is because P and U are complex and when
��
,� decreases below 3, Re��
,�� increases whereas
Im��
,�� decreases. In order to understand the ��
,M depen-
dency of TH /TC for ��
,M �3, we consider the physical

meaning of ��
,�. A decrease in ��� simply increases the

and C. Kato: Stability analysis of thermoacoustic oscillations 855



effect of the viscosity. On the other hand, a decrease in ��


modifies the thermal process of heat exchange between the
gas and channel wall due to the effect of the thermal conduc-
tivity of the gas. When ��
�3, the thermal relaxation time
�
 is much shorter than the cyclic period 2� /�; therefore,
heat exchange occurs instantaneously, i.e., isothermally �re-
versibly�. When ��
�3, heat exchange occurs irreversibly
because �
�2� /�. Based on the discussion regarding en-
tropy oscillation along the radial direction of a flow channel,
Tominaga stated that irreversibility and isothermal reversibil-
ity of the heat exchange process are expressed by the values
of Im��
� and Re��
�, respectively.24

In order to separate the effects of viscosity and thermal
conductivity on the stability limit, we calculated the stability
limits by setting the value of the Prandtl number � to 0.71,
0.40, 0.10, and 0. It should be noted that because � was
changed only in the stack, the viscosity outside the stack did
not change. The calculated TH /TC is shown in Figs.
5�a�–5�c�. Since the shape of the stability curves is indepen-
dent of the values of R, as mentioned in Sec. IV B, only the
calculated results with R=0.15 m are shown. Since � for air
is nearly 0.71, the curves of the calculated TH /TC with �
=0.71 are almost the same as those shown in Fig. 4�a� by the
solid line. Hence, the calculation results with �=0.71 are not
shown.
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FIG. 5. Stability curves in the looped tube �solid line� and straight tube �da
Prandtl number � in the stack.
In the case investigated by Rott and Yazaki et al., it
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was claimed that when ��
,M �3, the existence of the stabil-
ity limit in the tube having two ends can be attributed to the
viscosity. However, as shown by the dashed lines in Figs.
4�a� and 5�a�–5�c�, TH /TC of the straight tube increases with
��
,M �3, even though � decreases. This implies that in the
present case, the stability limit of the TH /TC curve of the
straight tube is not necessarily attributable to the viscosity.
TH /TC of the straight tube takes a minimum value near
��
,M =3 independently of the value of �. This fact indicates
that for the excitation of the gas oscillation in the straight
tube, the value of ��
=3 is important. As shown in Fig. 3,
when ��
�3, −Im��
� attains the maximum value and
when ���3, it becomes zero. As mentioned above, Im��
�
represents the irreversibility of the heat exchange process.
Therefore, we can say that the irreversibility of the heat ex-
change process is indispensable for the excitation of the
spontaneous gas oscillation in the straight tube and that when
��
,M decreases from 3, TH /TC of the straight tube increases
due to the decrease in the irreversibility.

The solid lines in Figs. 4�c� and 5�a�–5�c� indicate that
in the case of the looped tube, the optimum value of ��
,M

for realizing minimum TH /TC decreases with a decrease in
�; further, TH /TC monotonically decreases at �=0. This ob-
servation reveals two facts: �1� TH /TC increase when ��
,M

�3 in the case of the looped tube, which is shown in Fig.
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line�. The stability curves are calculated with a variety of the value of the
shed
4�c� by lines, is caused by the viscosity in the stack and �2�
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the isothermal reversibility in the heat exchange process,
which is represented by Re��
�, is important for the excita-
tion of the spontaneous gas oscillation in the looped tube.
The second fact is considered to contribute to achieving a
higher efficiency in the energy conversion occurring in a
looped tube as compared with that in a straight tube.

B. Angular frequency ratio � /�0 at the stability limit

The calculated � /�0 with various values of � is shown
in Figs. 5�d�–5�f�. When �=0.71, � /�0 is not shown due to
the above-mentioned reason for not showing TH /TC when
�=0.71. The solid lines in Figs. 4�c�, 4�d�, and 5�a�–5�g�
indicate that the ��
,M dependence of � /�0 of the looped
tube is closely related to TH /TC at the stability limit; as
TH /TC decreases, � /�0 is reduced. This can be considered as
proof that � /�0 is determined by the value of the mean
sound speed am in the tubes because am is a function of TH

under a given value of R. In contrast, the ��
,M dependence
of � /�0 of the straight tube cannot be explained by using
only am. As shown in Figs. 4�a� and 4�b�, the TH /TC value of
the straight tube at ��
,M =10 and 1.5 is 2.1; however, � /�0

at ��
,M =10 and 1.5 is 1.03 and 1.06, respectively. More-
over, � /�0 calculated with various values of � indicates that
the ��
,M dependence of � /�0 of the straight tube weakly
depends on �, i.e., the value of the viscosity.

The ��
,M dependence of � /�0 of the straight tube can
also be explained by the ��
 dependence of �
. This is be-
cause when �=0, only �
 depends on ��
. In order to split
the effects of the imaginary and real parts of �
, we set
Re��
� to zero, keeping �=0, and calculate the stability limit
of the straight tube. The stability limit thus calculated is
shown in Fig. 6.

As mentioned above, the TH /TC curve of the straight
tube for ��
,M �3 exists due to the decrease in −Im��
�.
Hence, the TH /TC curve shown in Fig. 6�a� is U shaped and
is very similar to the TH /TC curve shown by the dashed line
in Fig. 5�c�, even though Re��
�=0. However, as observed in
Fig. 6�b�, the rapid increase in � /�0 with a decrease in
��
,M, which is observed below ��
,M �3 in Fig. 5�f�, van-
ishes; due to this, � /�0 at Re��
�=0 and �=0 depends on
TH /TC. These facts imply that the rapid increase in � /�0 is
caused by the ��
 dependence of Re��
�, while the TH /TC

curve of the straight tube is determined by the ��
 depen-
dence of Im��
�.

VI. SUMMARY

The stability limits of the spontaneous gas oscillation
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FIG. 6. Stability curves of the straight tube, which is calculated with the
assumption that the real part of �
, i.e., Re��
�, and � are both zero.
thermally induced in the looped and straight tubes were nu-
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merically investigated. These numerical results were found
to be in qualitative agreement with the measured results. The
stability limits were calculated with various values of the
Prandtl number of the gas in order to determine the causes of
the existence of the stability limit. As a result, it was found
that the temperature ratio required for the gas oscillation in
the looped tube is determined by the viscosity and isothermal
reversibility of the thermal process of heat exchange occur-
ring between the gas and tube wall; however, the temperature
ratio required in the straight tube is determined by the irre-
versibility of the thermal process. On the other hand, the
frequency of the gas oscillation occurring in the straight tube
depends on the reversibility, whereas the sound speed mainly
contributes to the frequency of the gas oscillation occurring
in the looped tube.
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